
Semiclassical Dynamics
The Birkhoff Normal Form

A Semiclassical Birkhoff Normal Form

Léo Morin

Inter’Action - 21 Mai 2019

Léo Morin A Semiclassical Birkhoff Normal Form



Semiclassical Dynamics
The Birkhoff Normal Form

1 Semiclassical Dynamics

2 The Birkhoff Normal Form

Léo Morin A Semiclassical Birkhoff Normal Form



Semiclassical Dynamics
The Birkhoff Normal Form

Classical dynamics
Classical Hamiltonian (Energy):

H(x , ξ) = ξ2 + V (x), x , ξ ∈ R.

Classical dynamics:

dx
dt

(t) =
∂H

∂ξ
(x(t), ξ(t))

dξ
dt

(t) = −∂H
∂x

(x(t), ξ(t)).

Then H is constant along the solution (x(t), ξ(t)):

H(x(t), ξ(t)) = H(x0, ξ0).
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Quantum dynamics
Quantum Hamiltonian:

L~ = −~2 d2

dx2 + V (x), on L2(R).

Quantum dynamics:

i~
∂ψ

∂t
= L~ψ.

The quantum energy is given by the eigenvalues of L~:

0 < λ1(~) ≤ λ2(~) ≤ ...
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Semiclassical dynamics
Link between the classical and quantum dynamics in the limit
~→ 0 ?

There is a formula:
L~ = Opw~ (H)
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Use the relation between H and L~ to compute λj(~).

U∗~L~U~ = N~ +R~.
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Harmonic oscillator

I~ = −~2 d2

dx2 + x2

is given by:

I~ = Opw~ (ξ2 + x2) = Opw~ (|z |2).

We know its spectrum:

σ(I~) = {~, 3~, 5~, ...}.
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Theorem
There is a unitary operator U~ on L2(R) such that:

1 U∗~L~U~ = N~ +R~,

2 [N~, I~] = 0,
3 R~ is "a rest of order ~∞",
4 N~ = Opw~ (N) where the Taylor series of N is

N = |z |2 +
∑
α,`

cα`|z |2α~`.

Léo Morin A Semiclassical Birkhoff Normal Form



Semiclassical Dynamics
The Birkhoff Normal Form

Then, the eigenvalues of N~ are given by replacing the
harmonic oscillator |z |2 by its eigenvalues ~, 3~, ...

λ1(N~) = ~ +
∑
α,`

cα`~α+`,

λ2(N~) = 3~ +
∑
α,`

cα`3α~α+`...

and we have
λj(L~) = λj(N~) +O(~∞).
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Idea of the proof.
We see functions of (x , ξ) as functions of (z , z̄).
We approximate functions by their Taylor series:

H = |z |2 +
∑
αα′`

dαα′`z
αz̄α

′~`.

N = |z |2 +
∑
α,`

cα`|z |2α~`.
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Properties of Taylor Series
1 deg(zαz̄α

′~`) = α + α′ + 2`
2 If τ has valuation k , we write τ ∈ Ok

3 If τj ∈ Okj ,

Opw~ (τ1)Opw~ (τ2) = Opw~ (τ1 ? τ2)

with τ1 ? τ2 ∈ Ok1+k2 .

4 Moreover,
i

~
[τ1, τ2] ∈ Ok1+k2−2.
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We look for U~ = e−
i
~Opw~ (τ). If

H = |z |2 + R3 +O4,

we have:

e
i
~Opw~ (τ)Opw~ (H)e−

i
~Opw~ (τ) = Opw~

(
|z |2 + R3 −

i

~
[|z |2, τ ] +O4

)
→ Can we find τ such that i

~ [|z |2, τ ] removes the crossed
terms of R3 ?
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Can we find τ such that i
~ [|z |2, τ ] removes the crossed terms

of R3 ?
Denote dαα′`z

αz̄α
′~` a crossed term (α 6= α′) of R3. For any

coefficient c we have

i

~
[|z |2, czαz̄α′~`] = c(α′ − α)zαz̄α~`.

Since α 6= α′, we can choose

cαα′` =
dαα′`

α′ − α
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Then
τ =

∑
αα′`

cαα′`z
αz̄α

′~`

removes the crossed terms of R3.

We iterate with

|z |2 + K3 + R4 +O5,

where K3 only has non-crossed terms.
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Thank you
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