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KPZ class : GUE

X =


x1,1 x1,2 · · · x1,n
x1,2 x2,2 · · · x2,n
...

... . . . ...
x1,n x2,n · · · xn,n


Xi ,j i.i.dNC(0,1) (for i < j) and Xi ,i i.i.dNR(0,1).

F2(s)= lim
n→∞P

(
(λmax−

p
2n)

p
2n1/6 ≤ s

)
,

F2: CDF of the GUE Tracy-Widom distribution.
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Longest increasing subsequence

Sn: symmetric group, (the group of permutations of {1, . . . ,n}).
(σ(i1), . . . ,σ(ik )) increasing subsequence of σ of length k if
i1 < i2 < ·· · < ik and σ(i1)< ·· · <σ(ik ).
`(σ): the length of the longest increasing subsequence of σ.
For example:

σ=
(
1 2 3 4 5 6 7 8
3 8 1 2 4 7 5 6

)
.

`(σ)= 5.
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KPZ : Longest common subsequence

(σ(i1), . . . ,σ(ik )) subsequence of σ of length k if i1 < i2 <, . . . ,< ik .
LCS(σ1,σ2) the length of the longest common subsequence of
two permutations.
For example:

σ1 =
(
1 2 3
3 2 1

)

σ2 =
(
1 2 3
3 1 2

)
LCS(σ)= 2.
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KPZ class : Last passage percolation

Figure: Last passage percolation (image of Borodin and Gorin (2012))
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KPZ class : Ballistic model

Figure: Ballistic model (image of Borodin and Gorin (2012))
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Universality

Models :
RadomMatrices (GUE, Wigner etc.)
Interacting particles (ASEP, TASEP, push-ASEP etc.)
Growthmodels
Random permutations / random partitions
Random tiling
6-vertex model

Limiting objects / transitions :
Tracy-Widom distribution / Airy Kernel
Semi-circular law
(Discrete) Sine process
Baik-Ben Arous-Péché phase transition.
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GUE + Other randommatrices Uniform permutation
Largest particle T.W T.W
Edge Soft edge (Airy) Soft edge (Airy)
Global convergence Semi circular VKLS
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Plan

1 Longest increasing subsequence and Ulam–Hammersley problem.

2 The first arrows of random Young tableaux (edge)

3 The Vershik-Kerov-Logan-Shepp shape
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Longest increasing subsequence and
Ulam–Hammersley problem

Conjecture (Ulam (1961))
If σn ∼USn , then

lim
n→∞

E(`(σn))p
n

= c.

Proved by Hammersley.
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Longest increasing subsequence

Theorem (Vershik and Kerov (1977); Logan and Shepp (1977))
If σn ∼USn then

lim
n→∞

E(`(σn))p
n

= 2

and
`(σn)p

n
P→ 2.

Theorem (Baik, Deift, and Johansson (1999))

If σn ∼USn then

lim
n→∞P

(
`(σn)−2

p
n

n
1
6

≤ s
)
=F2(s).
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GUE + Other randommatrices Uniform permutation
Largest particle T.W T.W
Edge Soft edge (Airy) Soft edge (Airy)
Global convergence Semi circular VKLS
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Longest increasing subsequence

Theorem ( K (2018))
Assume that the sequence of random permutations (σn)n≥1 satisfies:

For all positive integer n, σn is invariant under conjugation i.e.
∀σ,ρ ∈Sn,

P(σn =σ)=P(σn = ρ−1σρ). (H1)

The number of cycles is such that: For all ε> 0,

lim
n→∞P

(
#(σn)

n
1
6

> ε
)
= 0. (H2)

Then for all s ∈R,

lim
n→∞P

(
`(σn)−2

p
n

n
1
6

≤ s
)
=F2(s). (TW)
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Ewens’ case

Definition (Ewens distribution)
If σn ∼Ew(θ) then

P(σn =σ)= θ#(σ)∏n−1
k=0(θ+k)

.

θ = 1: uniform distribution.
E(#(σn))= 1+∑n−1

k=1
θ

θ+k ∼ θ log(n).
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Ewens’ case

Corollary

Assume that σn ∼Ew(θn). If

lim
n→∞

θn log(n)

n
1
6

= 0. (H’2)

Then
lim

n→∞P
(
`(σn)−2

p
n

n
1
6

≤ s
)
=F2(s). (TW)

Other applications: Ewens-Pitman, virtual permutations (Kingman),
etc.
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Longest common subsequence

Theorem ( K (2019))
Assume that

For all positive integer n, σn and ρn are independent.
For all positive integer n, σn is invariant under conjugation i.e.
∀σ,ρ ∈Sn,

P(σn =σ)=P(σn = ρ−1σρ). (1)

For all ε> 0,
lim

n→∞P
(
#(σn)

n
1
6

> ε
)
= 0. (2)

Then for all s ∈R,

lim
n→∞P

(
LCS(σn,ρn)−2

p
n

n
1
6

≤ s
)
=F2(s). (TW)
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Plan

1 Longest increasing subsequence and Ulam–Hammersley problem.

2 The first arrows of random Young tableaux (edge)

3 The Vershik-Kerov-Logan-Shepp shape
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Young diagram

Definition (Young diagram)
λ= (λi)i≥1 ∈NN∗ is a Young diagram of size n if

∀i ≥ 1, λi+1 ≤λi ,∑∞
i=1λi = n.

Example: Young diagrams of size 3 are
Y3 = (3,0),(2,1,0),(1,1,1,0)

or

 , ,

.
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Young tableau

Definition (Young tableau)
A Young tableau of shape λ is a filling of the boxes of λ using the
entries {1,2, . . . ,n} and the entries in each row and each column are
increasing.

Example: Young tableaux of shape are

1 2 3
4

, 1 2 4
3

, 1 3 4
2

.

dim(λ)= # Young tableaux of shape λ.
Example: dim

( )
= 3.Sn indexed by λ.
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Viennot’s geometric construction

σ=
(
1 2 3 4 5 6 7 8
3 8 1 2 4 7 5 6

)
.

1 2 33 4 5 6 7 8 9

1
2
33
4
5
6
7
8
9
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Viennot’s geometric construction

σ=
(
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1 2 33 4 5 6 7 8 9

1
2
33
4
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7
8
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1 2 4 5 6 , 1 2 5 6 8
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Viennot’s geometric construction

σ=
(
1 2 3 4 5 6 7 8
3 8 1 2 4 7 5 6

)
.

1 2 33 4 5 6 7 8 9

1
2
33
4
5
6
7
8
9

1 2 4 5 6
3 7

, 1 2 5 6 8
3 4
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Viennot’s geometric construction

σ=
(
1 2 3 4 5 6 7 8
3 8 1 2 4 7 5 6

)
.

1 2 33 4 5 6 7 8 9

1
2
33
4
5
6
7
8
9

1 2 4 5 6
3 7
8

,
1 2 5 6 8
3 4
7
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Robinson-Schensted correspondence

One-to-one correspondence between permutations and pairs of
standard Young tableaux of the same shape.
We denote by λ(σ) := (λi(σ))i≥1 the shape of the image of σ by this
correspondence. For example, if

σ=
(
1 2 3 4 5 6 7 8
3 8 1 2 4 7 5 6

)
then λ(σ)= .

`(σ)=λ1(σ).

If σn ∼USn then λ(σn)∼PLn. For any µ ∈Yn,

P(λ(σn)=µ)=
#{pairs of Young tableaux of shape µ}

C

= dim(µ)2

n!
.
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Plancherel measure

Theorem
Let λ1 ≥λ2 ≥ . . .λn be the eigenvalues of the GUE of size n. ∀k ≥ 1,
∀s1,s2, . . . ,sk ∈R,

lim
n→∞P

(
∀i ≤ k , (λi −

p
2n)

p
2n

1
6 ≤ si

)
=P(∀i ≤ k , ξi ≤ si).

{ξ1 ≥ ξ2 ≥ ·· · ≥ ξk ≥ . . . }: Airy ensemble.

Theorem (Borodin, Okounkov, and Olshanski (2000))
If σn ∼USn then ∀k ≥ 1, ∀s1,s2, . . . ,sk ∈R,

lim
n→∞P

(
∀i ≤ k ,

λi(σn)−2
p

n

n
1
6

≤ si

)
=P(∀i ≤ k , ξi ≤ si).

{ξ1 ≥ ξ2 ≥ ·· · ≥ ξk ≥ . . . }: Airy ensemble.
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Edge: Plancherel case

GUE + Other randommatrices Uniform permutation
Largest particle T.W T.W
Edge Soft edge (Airy) Soft edge (Airy)
Global convergence Semi circular VKLS
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Edge: generalization

Theorem ( K (2018))
Assume that the sequence of random permutations (σn)n≥1 satisfies:

For all positive integer n, σn is invariant under conjugation i.e.
∀σ,ρ ∈Sn,

P(σn =σ)=P(σn = ρ−1σρ). (H1)

The number of cycles is such that: For all ε> 0,

lim
n→∞P

(
#(σn)

n
1
6

> ε
)
= 0. (H2)

Then for all s ∈R,

lim
n→∞P

(
∀i ≤ k ,

λi(σn)−2
p

n

n
1
6

≤ si

)
=P(∀i ≤ k , ξi ≤ si).
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Plan

1 Longest increasing subsequence and Ulam–Hammersley problem.

2 The first arrows of random Young tableaux (edge)

3 The Vershik-Kerov-Logan-Shepp shape
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Vershik-Kerov-Logan-Shepp shape

Consider the real-symmetric (or hermitian)N ×N matrix XN with i.i.d
entries and denote by λ1 ≥λ2 · · · ≥λN its eigenvalues.

Theorem (Wigner)
Assume that:

E(xi ,j)= 0

E(x2
i ,j)= 1

∀k ,E(xk
i ,j)<∞

then
1
n

n∑
i=1

δ λip
n

∗→µsc ,

with

dµsc(u) :=
√

2−u2

π
du.
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Russian notations

Rotate the diagram by 3π
4 .

Complete the high function by x →|x |.
We denote by Lλ the resulting function.

−7 −5 −3 −1 1 3 5 7

2

4

6

8

Figure: L(5,2,1,0)
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Vershik-Kerov-Logan-Shepp shape

Theorem (Vershik and Kerov (1977); Logan and Shepp (1977))
If σn ∼USn , then for any ε> 0,

lim
n→∞P

(
sup
s∈R

∣∣∣∣ 1p
2n

Lλ(σn)

(
s
p

2n
)
−Ω(s)

∣∣∣∣< ε)= 1,

where

Ω(s) :=
{

2
π(sarcsin(s)+

√
1−s2) if |s| < 1

|s| if |s| ≥ 1
.
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Vershik-Kerov-Logan-Shepp shape

Ω is strongly related to the semi-circular law.
We denote by

ω(s) := Ω(2s)−|2s|
2

.

We have
exp

(∫
R

dω(u)

u− 1
x

)
=

∫
R

dµsc(u)
1−ux

.
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Vershik-Kerov-Logan-Shepp shape

Figure: Typical Young diagram under the Plancherel distribution

GUE Uniform permutation
Largest particle T.W T.W
Edge Soft edge (Airy) Soft edge (Airy)
Global convergence Semi circular VKLS

30 / 34



Limit shape

Theorem ( K (2018))
Assume that the sequence of random permutations (σn)n≥1 satisfies:

For all positive integer n, σn is invariant under conjugation i.e.
∀σ,ρ ∈Sn,

P(σn =σ)=P(σn = ρ−1σρ). (H1)

The number of cycles is such that: For all ε> 0,

lim
n→∞P

(
#(σn)

n
> ε

)
= 0. (H3)

Then for all ε> 0,

lim
n→∞P

(
sup
s∈R

∣∣∣∣ 1p
2n

Lλ(σn)

(
s
p

2n
)
−Ω(s)

∣∣∣∣< ε)= 1.
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Conclusion

GUE
+ Other RM) Plancherel

Random permutations
invariant under conjugation
(with a good control
on cycles’ number)

Largest particle T.W T.W T.W

Edge Soft edge (Airy) Soft edge
(Airy) Soft edge (Airy)

Global convergence Semi circular VKLS VKLS
Fluctuations Gaussian Gaussian ??

Bulk Sine process Discrete sine
process ??
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Thank you for

your attention
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