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KPZ class : GUE
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X;jiid Ac(0,1) (fori<j) and X;;ii.d Ar(0,1).

Fo(s)= lim P ((/lmax —v2n)v2n'/® < s),

F»: CDF of the GUE Tracy-Widom distribution.
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Longest increasing subsequence

@ S,: symmetric group, (the group of permutations of {1,...,n}).
@ (o(fy),...,0(ix)) increasing subsequence of o of length k if
i1 <i2 < ---<ik anda(h) < ---<0’(ik).
@ /(o): the length of the longest increasing subsequence of o.
e For example:
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KPZ : Longest common subsequence

@ (o(i1),...,0(ix)) subsequence of o oflength kif iy <> <,..., < .
@ LCS(o4,02) the length of the longest common subsequence of
two permutations.

e For example:
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KPZ class : Last passage percolation

Figure: Last passage percolation (image of Borodin and Gorin (2012))



KPZ class : Ballistic model
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Figure: Ballistic model (image of Borodin and Gorin (2012))
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Universality

@ Models:

Radom Matrices (GUE, Wigner etc.)

Interacting particles (ASEP, TASEP, push-ASEP etc.)
Growth models

Random permutations / random partitions

Random tiling

e 6-vertex model
e Limiting objects / transitions :
Tracy-Widom distribution / Airy Kernel

Semi-circular law
(Discrete) Sine process
Baik-Ben Arous-Péché phase transition.
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GUE + Other random matrices | Uniform permutation
Largest particle W W
Edge Soft edge (Airy) Soft edge (Airy)
Global convergence | Semi circular VKLS




e Longest increasing subsequence and Ulam-Hammersley problem.
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Longest increasing subsequence and
Ulam-Hammersley problem

Conjecture (Ulam (1961))
Ifon~Us,, then

Proved by Hammersley.
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Longest increasing subsequence

Theorem (Vershik and Kerov (1977); Logan and Shepp (1977))
Ifon~ Us, then
im E¢(on)

=2
n—oo \/ﬁ

and
vn ’ )

Theorem (Baik, Deift, and Johansson (1999))

Ifop~ Us, then

lim P(Ms

n—oo

s) = F»(s).

ns

\
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GUE + Other random matrices | Uniform permutation
Largest particle W W
Edge Soft edge (Airy) Soft edge (Airy)
Global convergence | Semi circular VKLS




Longest increasing subsequence

Theorem (K (2018))

Assume that the sequence of random permutations (o) p=1 Satisfies:
@ For all positive integer n, o is invariant under conjugation i.e.

Yo,p€Gp,
P(on=0)=P(op=p 'op).

© The number of cycles is such that: For alle >0,

lim P(M>E)=O.

n—oo ns

Then forall seR,

(H1)

(H2)

(TW)
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Ewens’ case

Definition (Ewens distribution)
If o, ~ Ew(0) then

@ 0 =1: uniform distribution.
® E(#(o ))_1+Zk 19+k ~Blog(n).
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Ewens’ case

Corollary

Assume thatop ~ Ew(0p). If
jim 0180 _ o (H'2)
n—oo ne
Then
nIim P M <s|=Fy(9s). (TW)

Other applications: Ewens-Pitman, virtual permutations (Kingman),
etc.
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LOngSt common subsequence

Theorem (K (2019))

Assume that
@ For all positive integer n, o and pp are independent.
@ For all positive integer n, o is invariant under conjugation i.e.
Yo,p€Gp,
P(on=0)=P(op=p 'op). (1)
@ Foralle>0,
lim P(i‘f”)»):o. )
n—oo ne
Then forall seR,
L ,Pn)—2
Jim IP’( CS(on F:n) ﬁss)ng(s). (TW)
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© The first arrows of random Young tableaux (edge)
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Young diagram

Definition (Young diagram)

A=(2))i=1 eNV' is a Young diagram of size n if
o Vi=1, Ajy1 =4,
] 2721 Ai=n.

Example: Young diagrams of size 3 are
Y3=(3,0),(2,1,0),(1,1,1,0)

)
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Young tableau

Definition (Young tableau)

A Young tableau of shape A is a filling of the boxes of A using the
entries {1,2,...,n} and the entries in each row and each column are
increasing.

e Example: Young tableaux of shape | ‘are
11213]1]2]4][1]3]4]
i ) 3 ’ 2 .

@ dim(A) :;Youngableaux of shape A.

e Example: dim( ‘ ) =3. G indexed by A.
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Viennot’s geometric construction
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Viennot’s geometric construction
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Viennot’s geometric construction
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Viennot’s geometric construction
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Viennot’s geometric construction
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Viennot’s geometric construction
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Viennot’s geometric construction
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Robinson-Schensted correspondence

@ One-to-one correspondence between permutations and pairs of
standard Young tableaux of the same shape.

@ We denote by A(0) := (1;(0));>1 the shape of the image of ¢ by this
correspondence. For example, if

8 [ [ ]
5 .

@ /(o) =Aq(0).
@ Ifop~ Us, then A(op) ~ PLy. Forany pe Yp,

{pairs of Young tableaux of shape u}
P(A(0n) = 1) = 2 L= pe

_ dim(u)?
oon
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Plancherel measure

Theorem

Let A1 = A2 = ... Ay, be the eigenvalues of the GUE of sizen. Vk =1,
VSq,82,...,S€R,

lim IP(Vis k, (Ai—V2n)V2ns < s,-) =P(Vi<k, & <sj).

n—oo

{1=ép=--- =& =...}: Airy ensemble.

| A\

Theorem (Borodin, Okounkov, and Olshanski (2000))
IfO'n ~ UG,, thenVk=1,Vs4,S5,...,5c €R,
lim [F"(Vi <k, i) B4

n—oo

— ss,-):P(Visk, &<s)).
ns

{1=¢é=-- =& =...}: Airy ensemble.
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Edge: Plancherel case

GUE + Other random matrices | Uniform permutation
Largest particle W W

Edge Soft edge (Airy) Soft edge (Airy)
Global convergence | Semi circular VKLS
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Edge: generalization

Theorem (K (2018))

Assume that the sequence of random permutations (o) p=1 Satisfies:

@ For all positive integer n, o is invariant under conjugation i.e.
Yo,p€Gp,
P(on=0)=P(op=p 'op). (H1)

© The number of cycles is such that: For alle >0,

,7ILm P (M > 8) =0. (H2)
0o ns
Then forall seR,
(on)-2Vn

. A - .
lim P|Vi<k, = <si|=P(Vi<k, & <sj).
n—oo n%
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e The Vershik-Kerov-Logan-Shepp shape
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Vershik-Kerov-Logan-Shepp shape

Consider the real-symmetric (or hermitian) N x N matrix Xy with i.i.d
entries and denote by 11 = 15 --- = Ay its eigenvalues.

Theorem (Wigner)

Assume that:
° [E(X,"j) =0
° [E(Xl.zj) =1
° VK, [E(x,.kj) <00
then
12 "
> Z 6& — HMsc»
j=1 vn
with
2-u2
dﬂsc(u) = au.
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Russian notations

o Rotate the diagram by 3.
@ Complete the high function by x — |x]|.
@ We denote by L, the resulting function.

7-5-3-11 3 5 7
Figure: L(5,2'1'9)
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Vershik-Kerov-Logan-Shepp shape

Theorem (Vershik and Kerov (1977); Logan and Shepp (1977))

Ifon~ Us,, then foranye >0,

lim [P(sup

N—oo  \ser

\/?LMU” ) (sv2n) -(s)

<€) 1,

where

a(s) = {%(sarcsin(s) +V1-82) iflsI<1

ISl ifls|=1"
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Vershik-Kerov-Logan-Shepp shape

Q is strongly related to the semi-circular law.

We denote by
Q(2s) —|2s|
ofs) - 22128,
We have
do(u)| [ dusc(u)
ol 519)- [
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Vershik-Kerov-Logan-Shepp shape

-80 -60 -40 -20 O 20 40 60 80

Figure: Typical Young diagram under the Plancherel distribution

GUE Uniform permutation
Largest particle ™™W W
Edge Soft edge (Airy) | Soft edge (Airy)
Global convergence | Semi circular VKLS
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Limit shape

Theorem (K (2018))

Assume that the sequence of random permutations (o p)p=1 Satisfies:

@ For all positive integer n, o, is invariant under conjugation i.e.
Va,pe&p,
P(on=0)=P(on=p 'op). (H1)

@ The number of cycles is such that: For alle >0,

lim IP(#(U”) >g) =0. (H3)
n—oo n
Then foralle >0,
: 1
Aer;oP(ssLelﬂg ELMU") (svzn)—Q(s) <£) =1.




Conclusion

Random permutations
GUE Plancherel invariant under conjugation
+ Other RM) anchere (with a good control
on cycles’ number)
Largest particle TW TW W
Edge Soft edge (Airy) (S:iityf;dge Soft edge (Airy)
Global convergence | Semi circular VKLS VKLS
Fluctuations Gaussian Gaussian 2
Bulk Sine process Discrete sine 2
process
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