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Model with a spatial structure

Model the epidemiological and evolutionary dynamics of spore-producing
pathogens in homogeneous host population of plants.

U2 — )~ ultx) [ Bt x ),
P gy (el xy) — (e x.y)
w X 2
p 2t y) (ta’t ) (1 - ;(2) w(t, x,y) = /RMJ(y =) r(y)v (t,xy) dy’,

e x € R (space), y € RM (phenotypic trait value), t (time).

e u(t,x), v(t,x,y) and w(t, x, y) denote the density of healthy
population, infected population and airborne spores, resp.

e A > 0 the influx of new healthy population, gz > 0 natural death rate,
1 > 0 time scaling parameter and J mutation kernel.
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Symmetric re-formulation of the model

We set 7 = 0 so that deposition of spores is fast with respect to the other
processes.

Self-adjoint reformulation by setting ©(y) = \/r(y)B(y) and other
parameter re-scaling lead

au(atijx):/\utx tx/ﬁ w(t,x,y)dy,
(‘)v(g:,y) = u(t,x)w(t,x,y) — puv(t,x,y),

(1 - c‘i) w(t,x.y) = /RM OOy (v —y) v (t.x,y') dy',

©(y) denotes the fitness function, and we consider the operator L defined

by, .
Lle](y / Jy = yHo(ye(y)dy', v e RM,
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Assumptions

We assume :

a) The mutation kernel J is continuous and satisfies J(—y) = J(y) for

all y ¢ RV,
Je *®RY)n 1°°(RN), J >0 and LJ)dy =1.
R

a) The fitness function © : RV — R is non-negative, compactly
supported and continuous. We denote by Q c RM the open set
defined by

Q:{yG]RN: @(y)>0}.

c) We also assume that 3 : RNV — R with 3 # 0 is a non-negative
continuous function with compact support and there exists some
constant K > 0 such that

0 < B(y) < KO(y), Yy e RV
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Epidemic threshold and equilibria

Under the above assumptions, ¢ — ©J x (Oy) is irreducible, positive and
compact in LP(R) (and self-adjoint in L?) so that spectral decomposition

(¢n, )\n)n21 with

AM>X > > Ay —0asn—oo0and @1 > 0.

We set Ry = );Ll—v/\ the epidemic threshold so that
(i) Single equilibrium when Ry < 1, the DFE ( U = A),

(ii) Two equilibria when Ry > 1, the DFE and an endemic one,
(U’ Vv, W) = (U*v V*Qpl(')v W*Sol('))v
with

A Ro—1 Ro—1
Ro’ Mp1 B

(U7, V*, W) = ( ) and 1 = (B,1)2.-
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Travelling wave

Definition :
(u(t, x), v(t,x,y), w(t,x,y)) is a TW with speed ¢ > 0 if
(u(t, x), v(t, x, ), w(t, x, y)) = (U(£), V(E,y), W(E, y)) with § = x + ct,

with the wave profile (U, V, W) satisfying the following properties :
e Uc CNL>®R), V,W: R — LYRN), C! and C? and

sup [ V(& lusgemy + IWIE s < oo

o (U(), V(& y), W(,, y)) positive.
4

e (U, V, W) satisfies the convergence to the DFE at { = —
u(¢) A
. lim | V(Ey) [ =]0] inRx YR x LHRM).
——00
W(E,y) 0
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Wave profile system

A wave profile (U, V, W) with speed c satisfies

:g u(e) = / HIWIE y)dy.
é",y) UOW(E y) — m V(& y),
< W(E y) = LIV(E )l (y),
with Iim [ V(& y) | =10 in R x LYQ) x L}(Q),
Ce\wiey))  \o
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________ Theminimal wavespeed |
The minimal wave speed

The antsatz

V(& y) ~ e¥¢(y) and W(E,y) ~ e*y(y) as € — —oo,

with the exponential decay rate A > 0 while U(§) ~ A for £ << —1.
Hence formally we get

{(cxwv)as:/w, - {(cA+uv)<z>=Aw,
(1-X)y = Lo, L (1= A2) (cA+ ) 6 = Lo.
1

= = (1 — )\2> (cA+puy) = p(L) = A1

A
We define (), ¢) = (1 — A?) (cA + py) — 4y Ro and

¢ =inf{c >0, IXA >0, L(\,c)=0}.
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Non existence

We obtain the following non-existence result

(i) If Ro < 1 then the problem does not has any travelling wave solution.

(ii) If Ro > 1 then the problem does not admit any travelling wave
solution with wave speed ¢ € (0, c*).

Lara Abi Rizk 20 mai 2019 13 /16



Main results

Simple structure of the waves

Assume that Ry > 1. Let (U, V, W) be any TW with speed ¢ > ¢*. Then
one has

(i) (V(&y), W(Ey)) = (V(E)pr(y), W(E)er(y))
(ii) The function (U(§), V(€), W(§)) satisfies the 4th order ODE

cU'(€) = A= U(&) = BLUEW(9),
V(&) = UEQW(E) —m V().  €€R,
MV(E) + (45— 1) W) =0,

and the limit behaviours at £ = 400 :

lim | V() | =[0] and Iim | V() |=| V* |,
E\w) \o) o ) A\wr

Reduction of the oco-dim travelling wave profile system of equations to a
4-dim ODE system.
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Existence of wave

Assume R > 1. Then for each ¢ > c¢*, the above 4th order ODE has an
entire positive solution with the expected behaviour at £ = t+oc.

Idea of the proof :
The proof of these results is based on the projection of the travelling
profile (V, W) on the eigenvectors (¢,) of the linear operator L.
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